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Abstract
Let ϕ: (R,m) → S be a flat ring homomorphism such that mS 6= S. Assume that M is a finitely generated S-module with
dimR(M) = d. If the set of support of M has a special property, then it is shown that Hda(M) = 0 if and only if for each
prime ideal p ∈ Supp R̂(M ⊗R R̂) satisfying dim R̂/p = d, we have dim(R̂/(aR̂ + p)) > 0. This gives a generalization of the
Lichtenbaum–Hartshorne vanishing theorem for modules which are finite over a ring homomorphism. Furthermore, we provide
two extensions of Grothendieck’s non-vanishing theorem. Applications to connectedness properties of the support are given.
c© 2007 Elsevier B.V. All rights reserved.
MSC: 13D45; 13D07
1. Introduction
Let (R,m) be a Noetherian local ring having dimension n, and let a be a proper ideal of R. Let Hia(R) denote the
i-th local cohomology module of R with support in V(a). Let R̂ denote the completion of R with respect to them-adic
topology. By [10,11], it is of great importance in algebraic geometry and commutative algebra to have (non-)vanishing
results for the local cohomology modules Hia(M), i ∈ N, for an R-module M . It is well known that Hia(M) = 0 for
all R-modules M and all i > n, while Hna(M) ∼= M ⊗R Hna(R). For this reason, a considerable amount of attention
has been focused on the module Hna(R). A sufficient condition for its vanishing is given by the following result, which
is called Lichtenbaum–Hartshorne vanishing theorem and which was first proved by Hartshorne; cf. [11, 3.1] and [15,
III, 3.1].
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If for each prime ideal q of R̂ with dim(R̂/q) = n, we have dim(R̂/(aR̂ + q)) > 0, then Hna(R) = 0.
The converse of the Lichtenbaum–Hartshorne vanishing theorem is rather easier to establish by using
Grothendieck’s non-vanishing theorem (and Sharp provided a proof of the converse in [17, Theorem 3.1]).
There are several different proofs of this vanishing result; see, for example, [5,7,16,8]. In [16,8] the
Lichtenbaum–Hartshorne vanishing theorem (which we refer to as LHVT) was extended to finitely generated modules.
More precisely, suppose M is a non-zero finitely generated R-module such that dimR(M) = d. Then Hda(M) = 0 if
and only if dim(R̂/(aR̂ + q)) > 0 for every prime ideal q of Supp R̂(M ⊗R R̂) such that dim R̂/q = d.
An R-module M is called finite over a local homomorphism if there exists a local homomorphism of Noetherian
local rings R → S such that M is a finitely generated S-module and the S-action is compatible with the action of
R. Apassov, Avramov, Foxby, Iyengar, Miller, Sather-Wagstaff, and others, cf. [1–4,13], have extended homological
properties of finite modules to modules finite over local homomorphisms.
The next theorem – which is the main result of Section 2 – is a generalization of LHVT for modules finite over a
local homomorphism (see Theorems 2.2 and 2.9). In fact (ii) implies (i) does not require the conditions of flatness or
of well-supportedness (see Definition 2.4). However the other direction fails to hold if one drops well-supportedness
(see Example 2.3), or drops flatness (see Example 3.2).
Theorem A. Let ϕ: (R,m) → S be a flat ring homomorphism such that mS 6= S. Let M be a finitely generated
S-module such that dimR(M) = d. Suppose that M is well-supported over ϕ and a is a proper ideal of R. Then the
following statements are equivalent:
(i) Hda (M) = 0.
(ii) For all prime ideal p ∈ Supp R̂(M ⊗R R̂) satisfying dim R̂/p = d, we have dim(R̂/(aR̂ + p)) > 0.
The next theorem – which is one of the main results of Section 3 – is a generalization of Grothendieck’s non-
vanishing theorem to modules finite over a local homomorphism; it is repeated as Theorem 3.3.
Theorem B. Let (R,m) be a Noetherian local ring, S a Noetherian extension of R which is integral over R. Let M
be a non-zero finitely generated S-module. If dimR(M) = d, then Hdm(M) 6= 0.
As to the organization of the paper, Section 2 is devoted to the proof of Theorem A. The proof of Theorem B, given
in Section 3, relies on the discussion in Section 2. In Section 4 we discuss the connectedness properties of support.
2. The Lichtenbaum–Hartshorne vanishing theorem
This section is concerned with LHVT for modules which are finite over a ring homomorphism. First we establish
the following lemma. The annihilator of the R-module M is denoted by (0 :R M).
Lemma 2.1. Let ϕ: R → S be a ring homomorphism. Then:
(1) If ϕ is flat, then for any R-module M and any q ∈ Spec(S) the following statements are equivalent:
(i) q ∈ Supp S(M ⊗R S),
(ii) ϕ−1(q) ∈ Supp R(M).
(2) For any finitely generated S-module M the following statements hold:
(a) Supp R(M) = V((0 :R M)).
(b) If R is local, then Supp R̂(M ⊗R R̂) = V((0 :R M)R̂).
Proof. (1) Set p = ϕ−1(q). Consider the induced homomorphism ϕ˜: Rp → Sq. Since
(M ⊗R S)⊗S Sq ∼= M ⊗R Sq ∼= (M ⊗R Rp)⊗Rp Sq,
and ϕ˜ is faithfully flat, we have that M ⊗R Rp 6= 0 if and only if (M ⊗R S)⊗S Sq 6= 0. Therefore the assertion holds.
For part (2a) suppose M =∑ni=1 Sxi . Then (0 :R M) = ∩ni=1(0 :R xi ) and so
V((0 :R M)) =
n⋃
i=1
V((0 :R xi )) ⊆ Supp R(M) ⊆ V((0 :R M)).
For part (2b) suppose q ∈ Spec(R̂). Then (0 :R M)R̂ ⊆ q implies that (0 :R M) ⊆ q ∩ R and so by (2a) we have
q ∩ R ∈ Supp R(M). Therefore by (1) q ∈ Supp R̂(M ⊗R R̂).
Now let p ∈ Supp R̂(M ⊗R R̂). Then (0 :R M)R̂ ⊆ (0 :R̂ M ⊗R R̂) ⊆ p. 
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Theorem 2.2. Let ϕ: (R,m) → S be a ring homomorphism. Let M be a finitely generated S-module such that
dimR(M) = d. If, for all prime ideals p ∈ Supp R̂(M ⊗R R̂) satisfying dim R̂/p = d, dim(R̂/(aR̂ + p)) > 0, then
Hda (M) = 0.
Proof. Set T = R/(0 :R M). Then T̂ = R̂/(0 :R M)R̂. Let q = p/(0 :R M)R̂ ∈ Spec(T̂ ) such that dim(T̂ /q) = d.
Then dim(R̂/p) = d . By Lemma 2.1(2b), p ∈ Supp R̂(M ⊗R R̂) and so by the assumption dim(R̂/aR̂ + p) > 0.
Therefore
dim(T̂ /aT̂ + q) > 0.
Also by Lemma 2.1(2a)
dim(T ) = dim(M) = d.
Now using (LHVT), we have that HdaT (T ) = 0 and hence
0 = HdaT (T )⊗T M ∼= HdaT (M) ∼= Hda(M).
Thus the assertion holds. 
One would expect modules finite over a local homomorphism to behave, in a way, very much like finitely generated
ones. But this is not true in general. The following example shows that the converse of Theorem 2.2 is not true.
Example 2.3. Let (R,m) be a local Noetherian ring which is not universally catenary. Let R̂ denote the completion of
R with respect to the m-adic topology. Let ϕ: R → R̂ be the natural homomorphism. By [14, Theorem 31.7], R is not
formally catenary and so by [14, Page 252], there exists p ∈ Spec(R) such that R/p is not formally equidimensional.
Thus by [14, Page 251, Definition], there exists p ∈ Spec(R) such that (̂R/p) = R̂/pR̂ is not equidimensional. This
means that there exist p ∈ Spec(R) and q ∈ Min(pR̂) with dim(R̂/q) < dim(R̂/pR̂) = dim(R/p). Therefore, there
exist p ∈ Spec(R) and q ∈ Spec(R̂) such that q ∩ R = p and dim(R̂/q) < dim(R/p).
Now set M = R̂/q. Then M is finite over ϕ. It is easy to see that (0 :R M) = p and Supp R(M) = V ((0 :R M)).
Thus dimR(M) = dim(R/p) > dim(R̂/q) = dimR̂(M). Therefore, HdimR(M)m (M) = HdimR(M)mR̂ (M) = 0.
Let ϕ: R → S be a ring homomorphism and let M be a finitely generated S-module. Then
Supp S(M) ⊆ {q ∈ Spec(S)|ϕ−1(q) ∈ Supp R(M)}.
But the equality does not hold in general. For example, let (R,m) be a local ring which is not universally catenary.
Let ϕ: R → R̂ be the natural homomorphism. Then, by Example 2.3, there exist p ∈ Spec(R) and q ∈ Spec(R̂) such
that q ∩ R = p and dim(R̂/q) < dim(R/p). Set M = R̂/q. Now there exists Q ∈ Spec(R̂) such that Q ⊇ pR̂ and
dim(R̂/Q) = dim(R̂/pR̂) = dim(R/p). Therefore, Q does not belong to Supp R̂(M) and Q ∩ R = p ∈ Supp R(M).
This leads to the following definition.
Definition 2.4. Let ϕ : R → S be a ring homomorphism. An S-module M is called well-supported over ϕ if
Supp S(M) = {q ∈ Spec(S)|ϕ−1(q) ∈ Supp R(M)}.
Example 2.5. Let ϕ : R → S be a ring homomorphism. Then for any ideal a of R, the S-module S/aS is well-
supported over ϕ.
Lemma 2.6. Let ϕ: R → S be a ring homomorphism and let M be an S-module which is well-supported over ϕ. If
q ∈ Spec(S), then Mq is well-supported over the composition R → S → Sq.
Proof. LetQSq ∈ Spec(Sq) andQSq∩R = p ∈ Supp R(Mq). ThenQ∩R = p ∈ Supp R(M) and soQ ∈ Supp S(M).
Thus QSq ∈ Supp Sq(Mq). 
Proposition 2.7. Let ϕ: (R,m)→ S be a ring homomorphism. Let M be an S-module such that M is well-supported
over ϕ.
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(1) Assume that ϕ: (R,m) → (S, n) is a local homomorphism. Then, for any q ∈ Spec(Ŝ) the following statements
are equivalent:
(i) q ∈ Supp Ŝ(M ⊗S Ŝ).
(ii) q ∩ R̂ ∈ Supp R̂(M ⊗R R̂).
(2) Suppose that ϕ is flat and mS 6= S. Then, for any prime ideal q of S which contains mS, the following equalities
hold:
(a) Supp R(M) = Supp R(Mq).
(b) Supp R̂(M ⊗R R̂) = Supp R̂(Mq⊗R R̂).





where λ and µ are natural homomorphisms and ϕ˜ induced by ϕ. Then the following statements are equivalent:
(i) q ∈ Supp Ŝ(M ⊗S Ŝ),
(ii) λ−1(q) ∈ Supp S(M),
(iii) ϕ−1(λ−1(q)) ∈ Supp R(M),
(iv) (ϕ˜µ)−1(q) ∈ Supp R(M),
(v) µ−1(ϕ˜−1(q)) ∈ Supp R(M),
(vi) (ϕ̂)−1(q) ∈ Supp R̂(M ⊗R R̂),
where (i)⇔ (ii) follows from Lemma 2.1(1), (ii)⇔ (iii) follows from the assumption, and (v)⇔ (vi) follows from
Lemma 2.1(1).
Part (2a). Let p ∈ Supp R(M). We have p ⊆ m = ϕ−1(q). Therefore there exists q′ ∈ Spec(S) such that q′ ⊆ q
and ϕ−1(q′) = p since ϕ is flat. Since M is well-supported we have q′ ∈ Supp S(M) and so q′Sq ∈ Supp Sq(Mq).
Therefore, p = (q′Sq) ∩ R ∈ Supp R(Mq).
Part (2b) follows from the following equivalent statements:
(i) Q ∈ Supp R̂(M ⊗R R̂),
(ii) Q ∩ R ∈ Supp R(M),
(iii) Q ∩ R ∈ Supp R(Mq),
(iv) Q ∈ Supp R̂(Mq⊗R R̂),
where (i)⇔ (ii) and (iii)⇔ (iv) follows from Lemma 2.1(1). 
Lemma 2.8. Let ϕ : (R,m) → S be a flat ring homomorphism such that mS 6= S. Let M be a non-zero S-
module which is well-supported over ϕ. Then, for every prime ideal q of S which contains mS, the inequality
dimSq(Mq) ≥ dimR(M) holds. In addition,
dimS M ≥ dimR M + dimS S/mS.
Furthermore, equality holds if S is local and M is a finitely generated S-module.
Proof. Every prime ideal of S which contains mS contracts to m via ϕ. Let q ∈ Spec(S) be one such prime. Since M
is well-supported over ϕ, it follows that q ∈ Supp S(M).
Suppose that dimR M = d and
p0 ⊂ · · · ⊂ pd = m
is a maximal chain of prime ideals in Supp R(M). Since ϕ is flat and ϕ−1(q) = m we get a strict chain in Spec(S),
q0 ⊂ · · · ⊂ qd = q
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such that ϕ−1(qi ) = pi for 0 ≤ i ≤ d . Using the fact that M is well-supported over ϕ, this is a chain in Supp S(M)
which leads to the inequality dimSq(Mq) ≥ dimR(M). Consequently, the following inequalities hold:
dimS M ≥ dimSq Mq + dimS S/q ≥ d + dimS S/q.
In particular, we can choose q such that dimS S/mS = dimS S/q for which the desired inequality follows.
Now, let S be a local ring and let M be a finitely generated S-module. Then
dimS(M) = dim(S/(0 :R M)) ≤ dim(S/(0 :R M)S) = dim((R/(0 :R M))⊗R S)
= dim(R/(0 :R M))+ dim(S/mS) = dimR(M)+ dim(S/mS),
where the third equality follows from flatness of ϕ and the last equality holds by Lemma 2.1(2a). 
Theorem 2.9. Let ϕ: (R,m)→ S be a flat homomorphism such that mS 6= S. Let M be a finitely generated S-module
such that dimR(M) = d. Suppose that M is well-supported over ϕ and a is a proper ideal of R. If Hda (M) = 0, then
for all prime ideals p ∈ Supp R̂(M ⊗R R̂) satisfying dim R̂/p = d we have dim(R̂/(aR̂ + p)) > 0.
Proof. We give a proof via two steps.
Step 1◦. Assume that dim(S/mS) = 0 and (S, n) is local. By Lemma 2.8 we have dimR(M) = dimS(M).
On the other hand we have 0 = Hda(M) = HdaS(M). Thus, by (LHTV), for any q ∈ Supp Ŝ(M ⊗S Ŝ) with
dim(Ŝ/q) = d we have dim(Ŝ/(aŜ + q)) > 0.
Suppose p ∈ Supp R̂(M ⊗R R̂) such that dim(R̂/p) = d. Then, by flatness,
dim(Ŝ/pŜ) = dim(R̂/p)+ dim(Ŝ/mŜ) = d + dim(S/mS) = d.
Thus there exists q ∈ Spec(Ŝ) such that dim(Ŝ/pŜ) = dim(Ŝ/q). Since q ∈ Min(pŜ) we have that q ∩ R̂ = p. Now
by Proposition 2.7(1), q ∈ Supp Ŝ(M ⊗S Ŝ) and so dim(Ŝ/aŜ + q) > 0. Hence we have
dim(R̂/aR̂ + p) = dim(R̂/aR̂ + p)+ dim(Ŝ/mŜ)
= dim(Ŝ/aŜ + pŜ) ≥ dim(Ŝ/aŜ + q) > 0.
Step 2◦. Let q ∈ Min(mS). Consider the induced homomorphism ϕ˜: (R,m)→ (Sq, qSq). Then
Hda(Mq) ∼= HdaSq(Mq) ∼= HdaS(M)⊗S Sq ∼= Hda(M)⊗S Sq = 0.
It follows from Proposition 2.7(2a) and Lemma 2.6 that dimR(Mq) = dimR(M) = d and Mq is well-supported
over the composition R → S → Sq. Since dim(Sq/mSq) = 0, by the first step, if p ∈ Supp R̂(Mq⊗R R̂) with
dim(R̂/p) = d , then dim(R̂/aR̂ + p) > 0. Now the assertion follows from Proposition 2.7(2b). 
3. Grothendieck’s non-vanishing theorem
In this section we provide two extensions of Grothendieck’s non-vanishing theorem. Theorem 2.9 immediately
gives the following theorem which is a generalization of Grothendieck’s non-vanishing theorem.
Theorem 3.1. Let ϕ : (R,m) → S be a flat ring homomorphism such that mS 6= S. Let M be a non-zero finite
S-module which is well-supported over ϕ. If d = dimR(M) then
Hdm(M) 6= 0.
Note that in Theorem 3.1, the flatness of ϕ is not redundant. This may be seen through the following example.
Example 3.2. Consider the local ring (R,m) of Example 2.3. There exist q ∈ Spec(R̂) and p ∈ Spec(R) such
that q ∩ R = p and dim(R̂/q) < dim(R/p). Set S = R̂/q, T = R/p, and M = R̂/q. Then there exists a ring
homomorphism ψ : T → S such that
dim(R̂/q) = dimS(M) < dimT (M) = dim(R/p).
Assume that dimT (M) = d . Then
Hdm /p(M) ∼= Hdm R̂/q(M) = 0.
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Note that the S-module M is well-supported over ψ , but ψ is not flat.
The following theorem, which is one of the main results of this note, gives an extension of Grothendieck’s non-
vanishing theorem.
Theorem 3.3. Let (R,m) be a Noetherian local ring, S a Noetherian extension of R which is integral over R. Let M
be a non-zero finite S-module. If dimR(M) = d, then Hdm(M) 6= 0.
Proof. It is known that S/(0 :S M) is integral over R/(0 :R M) and so dim(S/(0 :S M)) = dim(R/(0 :R M)). Hence,
by Lemma 2.1(2a),
dimR(M) = dim(R/(0 :R M)) = dim(S/(0 :S M)) = dimS(M).
Therefore, there exists a maximal ideal q of S such that q ∈ Supp S(M) and dimSq(Mq) = dimR(M).
On the other hand, by [14, Page 66, Lemma 2], q is minimal over mS. Therefore,
Hdm(M)⊗R Sq ∼= HdmSq(Mq) ∼= HdqSq(Mq) 6= 0,
where the last inequality is due to the Grothendieck non-vanishing theorem; cf. [6, Theorem 6.1.4]. Consequently,
Hdm(M) 6= 0. 
4. Connectedness theorems
In this section we give an application of the main results of the paper.
Faltings’ connectedness theorem asserts that in an analytically irreducible local ring (R,m) of dimension n, if
a ⊆ m is an ideal generated by at most n − 2 elements, then the punctured spectrum of R/a is connected; cf. [9]. On
the other hand Hartshorne’s connectedness result (see [12, Proposition 2.1]), says that Spec(R) \V(a) is a connected
subset of Spec(R) provided grade (a, R) > 1. In [8] Divaani-Aazar and Schenzel proved a generalization of these
results for finitely generated modules. Our aim in the remainder of this paper is to provide an improvement of Divaani-
Aazar and Schenzel’s results for modules finite over a local homomorphism. The following Lemmas will be useful
for our approach.
Lemma 4.1. Let ϕ: (R,m)→ S be a flat ring homomorphism such that mS 6= S. Let a be an ideal of R. Let M be a
finitely generated S-module such that M is well-supported over ϕ. Then
Supp R(M/aM) = V((0 :R M)+ a).
Proof. It is easy to see that
Supp R(M/aM) ⊆ V((0 :R M)+ a).
Now let p ∈ Spec(R) be such that a ⊆ p and (0 :R M) ⊆ p. Then by Lemma 2.1(2a), p ∈ Supp R(M). There
exists q ∈ Spec(S) such that ϕ−1(q) = p. So, q ∈ Supp S(M). Since aS ⊆ q, q ∈ Supp S(M/aM). Hence
p = ϕ−1(q) ∈ Supp R(M/aM). 
In the following the grade of an R-module M with respect to an ideal a is denoted by grade R(a,M) and it is the
common length of all maximal M-sequences contained in a.
Lemma 4.2. Let ϕ : R → S be a ring homomorphism of Noetherian rings. Let M be a finitely generated S-module
and let a be an ideal of R such that aM 6= M. Then,
grade R(a,M) = inf{i ≥ 0|Ext iR(R/a,M) 6= 0} = inf{i ≥ 0|Hia(M) 6= 0}.
Proof. See [14, Page 129, Remark] and the proof of [6, Theorem 6.2.7]. 
We can now present an application of Theorem 2.9 which is a generalization of Faltings’ connectedness theorem.
The proof of this result for finitely generated module can be found in [8, Corollary 4.2], but the result can be proved
word by word in the same way for modules finite over a local homomorphism using Theorems 2.9 and 3.1, and
Lemma 4.1.
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Proposition 4.3. Let ϕ: (R,m)→ S be a flat ring homomorphism such that mS 6= S. Let a be an ideal of R. Let M
be a finitely generated S-module which is well-supported over ϕ. Assume that the nil-radical of R̂ consists of a single
prime ideal p. Let M be a finitely generated S-module such that
{q ∈ Supp R̂(M ⊗R R̂)| dim(R̂/q) = dimR(M)} = {p},
dimR(M) > 1, and Hia(M) = 0 for i = dimR(M)− 1, dimR(M). Then Supp R(M/aM)\V(m) is a connected subset
of Supp R(M/aM).
The next result is an application to connectedness properties of support which is a generalization of Hartshorne’s
connectedness result. The proof of this result for finitely generated module can be found in [8, Lemma 4.5], but
the result can be proved word by word in the same way for modules finite over a local homomorphism using
Lemmas 2.1(2a) and 4.2.
Proposition 4.4. Let ϕ: (R,m) → S be a ring homomorphism and let a be an ideal of R. Let M be a finitely
generated S-module such that aM 6= M and grade R(a,M) > 1. If M is indecomposable R-module, then the scheme
Supp R(M)\V(a) is connected.
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